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ABSTRACT
One of the challenges in hyperspectral data analysis is the
presence of mixed pixels. Mixed pixels are the result of low
spatial resolution of hyperspectral sensors. Spectral unmix-
ing methods decompose a mixed pixel into a set of endmem-
bers and abundance fractions. Due to nonnegativity constraint
on abundance fraction values, NMF based methods are well
suited to this problem. In this paper multilayer NMF has been
used to improve the results of NMF methods for spectral un-
mixing of hyperspectral data under the linear mixing frame-
work. Sparseness constraint on both spectral signatures and
abundance fractions matrices are used in this paper. Evalu-
ation of the proposed algorithm is done using synthetic and
real datasets in terms of spectral angle and abundance angle
distances. Results show that the proposed algorithm outper-
forms other previously proposed methods.
Index Terms— Hyperspectral data, spectral unmixing,
multilayer NMF, sparseness constraint.
1. INTRODUCTION
Hyperspectral sensors are an effective tool for remote sensing
applications. These sensors offer high spectral resolution, so
they can gather a lot of information about the spectral content
of materials that are present in the scene. But the main draw-
back of these sensors is the low spatial resolution that cause
mixed pixels to appear in hyperspectral images [1]. The con-
cept of mixed pixels in hyperspectral images is illustrated in
Fig. 1 using a toy example.
There are three different categories of spectral unmixing
methods: geometrical, statistical and sparse regression meth-
ods [3]. Vertex component analysis (VCA) [4] is one of the
classic methods in the geometrical category that is used in this
paper as a baseline of the proposed method.
Another class of algorithms that are used for spectral un-
mixing purposes are methods based on nonnegative matrix
factorization (NMF). NMF method gets a lot of attention in
this area of research because of nonnegativy constraint on
abundance fraction values. Different constraints can be used
in NMF methods, for example in [5] minimum volume con-
straint is used or in [6] graph regularized constraint has been
used. In this paper multilayer NMF [7] is used to unmix
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Fig. 1: Toy example of mixed pixels concept in hyperspectral
images [2].
hyperspectral data. In this approach the observation matrix
will be decomposed in different layers. So the final estimated
spectral signatures can be modeled as a product of sparse ma-
trices obtained in the layers. The reason why decomposing
a general matrix into sparse matrices will improve the results
of NMF method is still an open problem [8]. Experiments on
synthetic and real datasets show that the proposed method can
achieve better results in comparison with other methods.
The rest of the paper are as follows. Section 2 introduces
mathematical description of linear mixing model for solving
spectral unmixing problem. Section 3 briefly reviews NMF
method and commonly used sparseness constraint on abun-
dance fractions matrix. In section 4 multilayer structured
NMF has been described to use in hyperspectral unmixing.
Experiments on synthetic and real datasets has been done to
evaluate the proposed method in section 5. Finally section 6
concludes the paper.
2. LINEAR MIXING MODEL (LMM)
Spectral unmixing problem can be solved under linear or non-
linear frameworks [9]. In this paper linear mixing model
(LMM) has been used. The mathematical representation of
this model is expressed in (1).
X = AS+N, (1)
where X ∈ RL×N refers to observation matrix, L denotes
number of spectral bands and N denotes total number of pix-
els. A ∈ RL×P and S ∈ RP×N refer to signature and
ar
X
iv
:1
50
6.
01
59
6v
1 
 [c
s.C
V]
  4
 Ju
n 2
01
5
abundance fractions matrices respectively. P denotes num-
ber of pure signatures (called endmembers) in the scene and
N ∈ RL×N refers to measurement noise. Two constraints on
abundance fraction values should be considered: Abundance
Nonnegativity Constraint (ANC) and Abundance Sum to one
Constraint (ASC). These constraints are expressed in (2) and
(3).
∀i, j : Sij ≥ 0, (2)
P∑
i=1
Sij = 1. (3)
3. NONNEGATIVE MATRIX FACTORIZATION
(NMF)
Nonnegative matrix factorization can decompose a matrix
into a product of two matrices efficiently. NMF can be ex-
pressed mathematicaly as:
X ≈ AS. (4)
To calculate this approximation, the following cost func-
tion can be defined using Euclidean distance [10]:
ONMF = ‖X−AS‖2F (5)
As explained in section 1, due to ANC on abundance frac-
tions matrix, NMF methods has been widely used for spectral
unmixing of hyperspectral data. Without employing other
constraints to NMF method, the results are not satisfactory.
One of the most common constraints is sparseness constraint
on abundance fraction matrix [11]. Considering this con-
straint the cost function of NMF method changes to the fol-
lowing equation:
OSparseNMF = ‖X−AS‖2F + λ‖S‖1/2, (6)
4. MULTILAYER NMF
Cichocki and Zdunek [7] proposed multilayer structure for
NMF to reduce the risk of getting stuck in local minima and
improve the performance of NMF methods. In this paper we
have used this idea to solve spectral unmixing of hyperspec-
tral data.
Using multilayer structure, the first layer of algorithm is
a basic decomposition of observation matrix into A1 and S1
matrices. In the second layer S1 will be decomposed into A2
and S2 and this process will be repeated to reach the maxi-
mum number of layers. Then the estimated spectral signature
matrix can be calculated using (7).
A = A1A2 . . .ALmax , (7)
where Lmax is the maximum number of layers.
Considering the sparseness constraint on spectral sig-
natures and abundance fraction matrices, the proposed cost
function for each layer is expressed in (8).
OMLNMF = ‖X−AS‖2F + α‖A‖1/2 + λ‖S‖1/2, (8)
where α and λ are regularization parameters and control the
impact of sparseness constraints on spectral signatures and
abundance fractions respectively.
Optimizing the cost function in 8 using multiplicative
rules results in estimated A and S. Note that the cost func-
tion in (8) should be minimized in each level of the algorithm.
In this paper to consider the ASC constraint on abundance
fraction values, FCLS method [12] has been used.
5. EVALUATION RESULTS
To evaluate the performance of the proposed algorithm, spec-
tral angle distance (SAD) and abundance angle distance
(AAD) are used. These metrics are defined in (9) and (10).
SADmi = cos
−1 (
mTi mˆi
‖mi‖‖mˆi‖ ) (9)
AADai = cos
−1 (
aTi aˆi
‖ai‖‖aˆi‖ ) (10)
SAD and AAD are defined for one endmember and one
pixel respectively. To have an overall measure for all end-
members and pixels, root mean square values of these metrics
have been used in this paper and defined in (11) and (12).
rmsSAD = (
1
P
P∑
i=1
(SADmi)
2)1/2 (11)
rmsAAD = (
1
N
N∑
i=1
(AADai)
2)1/2 (12)
5.1. Synthetic Dataset
In this experiment, synthetic data has been generated using
spectral signatures of USGS spectral library [13]. Selected
materials from this library are shown in Fig. 2. The process
described in [5] has been used in this paper to generate simu-
lated data.
Fig. 3 shows the results of applying proposed method on
synthetic dataset. This figure illustrates the results in terms
of rmsSAD and rmsAAD in comparison with VCA [4] and
L1/2-NMF [11] for different values of SNR ranging from
15dB to 45dB. As it can be seen from results the proposed
method can unmix data more effectively compared to other
methods.
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Fig. 2: Selected Materials from USGS Library.
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Fig. 3: Comparison of Results in terms of rmsSAD (Top)
and rmsAAD (Bottom) for VCA, L1/2-NMF and MLNMF
against SNR.
5.2. Real Dataset
In the second experiment Cuprite Nevada dataset collected by
AVIRIS sensor [14] is used as real dataset for evaluating the
proposed method. This dataset contains 250× 191 pixels and
188 spectral bands. This area consists of different minerals.
Table 1: Comparison between methods in terms of rmsSAD
for Cuprite Nevada dataset
Method VCA SISAL L1/2-NMF MLNMF
rmsSAD 0.1047 0.1237 0.1138 0.0981
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Fig. 4: Estimated signatures (dotted in red) in comparison
with USGS library signatures (continous in blue) for Cuprite
dataset
Reference spectra to compare the results are selected from
USGS library [13].
The proposed method has been applied to this dataset and
results are compared with VCA [4] , SISAL [15] and L1/2-
NMF [11] in terms of rmsSAD and presented in Table 1. Also
in Fig. 4 and 5 spectral signatures and abundance fraction
maps that are extracted using the proposed method are illus-
trated. Results confirms that this method can effectively un-
mix hyperspectral data.
6. CONCLUSION
Hyperspectral data contains mixed pixel due to low spatial
resolution of the sensors. Spectral unmixing tries to decom-
pose a mixed pixel into the spectral signature and abundance
fractions. NMF methods has been widely used to solve spec-
tral unmixing of hyperspectral data. In this paper to improve
the performance of NMF method multilayer structure is used.
Sparsity constraints on spectral signatures and abundance
fractions have been added to the cost function. Synthetic
and real datasets are used to evaluate the performance of the
proposed mathod in comparison with other methods. Results
in terms of SAD and AAD shows that the proposed method
can effectively unmix the hyperspectral data.
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Fig. 5: Estimated abundance fraction maps for Cuprite dataset
7. REFERENCES
[1] W. K. Ma, J. M. Bioucas-Dias, P Gader, T. H. Chan,
N Gillis, A Plaza, A Ambikapathi, and C. Y. Chi, “Sig-
nal processing perspective on hyperspectral unmixing,”
IEEE Signal Processing Magazine, vol. 31, no. 1, pp.
67–81, 2014.
[2] R. Rajabi, M. Khodadadzadeh, and H. Ghassemian,
“Graph regularized nonnegative matrix factorization for
hyperspectral data unmixing,” in Machine Vision and
Image Processing (MVIP), 2011 7th Iranian, Nov 2011,
pp. 1–4.
[3] Jos M Bioucas-Dias, Antonio Plaza, Nicolas Dobi-
geon, Mario Parente, Qian Du, Paul Gader, and Jo-
celyn Chanussot, “Hyperspectral unmixing overview:
Geometrical, statistical, and sparse regression-based ap-
proaches,” IEEE Journal of Selected Topics in Applied
Earth Observations and Remote Sensing, vol. 5, no. 2,
pp. 354–379, 2012.
[4] J. M. P. Nascimento and J. M. B. Dias, “Vertex compo-
nent analysis: a fast algorithm to unmix hyperspectral
data,” IEEE Transactions on Geoscience and Remote
Sensing, vol. 43, no. 4, pp. 898–910, 2005.
[5] Lidan Miao and Hairong Qi, “Endmember extraction
from highly mixed data using minimum volume con-
strained nonnegative matrix factorization,” IEEE Trans-
actions on Geoscience and Remote Sensing, vol. 45, no.
3, pp. 765–777, 2007.
[6] R. Rajabi and H. Ghassemian, “Hyperspectral data
unmixing using gnmf method and sparseness con-
straint,” in Geoscience and Remote Sensing Sympo-
sium (IGARSS), 2013 IEEE International, July 2013, pp.
1450–1453.
[7] Andrzej Cichocki and Rafal Zdunek, “Multilayer non-
negative matrix factorisation,” Electronics Letters, vol.
42, no. 16, pp. 947–948, 2006.
[8] Andrzej Cichocki, Rafal Zdunek, Seungjin Choi, Robert
Plemmons, and Shun-ichi Amari, “Novel multi-layer
non-negative tensor factorization with sparsity con-
straints,” in Adaptive and Natural Computing Algo-
rithms, pp. 271–280. Springer, 2007.
[9] N. Dobigeon, J.-Y. Tourneret, C. Richard, J.C.M.
Bermudez, S. McLaughlin, and A.O. Hero, “Nonlin-
ear unmixing of hyperspectral images: Models and al-
gorithms,” Signal Processing Magazine, IEEE, vol. 31,
no. 1, pp. 82–94, Jan 2014.
[10] D. D. Lee and H. S. Seung, “Algorithms for non-
negative matrix factorization,” Advances in neural in-
formation processing systems, vol. 13, 2000.
[11] Yuntao Qian, Sen Jia, Jun Zhou, and Antonio Robles-
Kelly, “Hyperspectral unmixing via L1/2 sparsity-
constrained nonnegative matrix factorization,” IEEE
Transactions on Geoscience and Remote Sensing, vol.
49, no. 11, pp. 4282–4297, 2011.
[12] Daniel C. Heinz and Chein-I Chang, “Fully constrained
least squares linear spectral mixture analysis method for
material quantification in hyperspectral imagery,” IEEE
Transactions on Geoscience and Remote Sensing, vol.
39, no. 3, pp. 529–545, 2001.
[13] R. N. Clark, G. A. Swayze, R. Wise, E. Livo, T. Hoefen,
R. Kokaly, and S. J. Sutley, “USGS digital spectral li-
brary splib06a http://speclab.cr.usgs.gov/spectral.lib06,”
2007.
[14] “Aviris cuprite nevada dataset,”
http://aviris.jpl.nasa.gov/data/free data.html.
[15] J. M. Bioucas-Dias, “A variable splitting augmented la-
grangian approach to linear spectral unmixing,” in Hy-
perspectral Image and Signal Processing: Evolution in
Remote Sensing, WHISPERS, 2009, pp. 1–4.
